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Abstract 

We consider immersions admitting uniform representations as a A-Lipschitz graph. In 
codimension 1, we show compactness for such immersions for arbitrary fixed A < oo and 
uniformly bounded volume. The same result is shown in arbitrary codimension for A < j . 

1. Introduction 

In |14| J. Langer investigated compactness of immersed surfaces in R 3 admitting uniform bounds on 
the second fundamental form and the area of the surfaces. For a given sequence /' : S l — > R 3 , there 
exist, after passing to a subsequence, a limit surface / : £ — > R 3 and diffcomorphisms <f> 1 : £ — >• 
such that /' o (f> 1 converges in the C 1 -topology to /. In particular, up to diffeomorphism, there are 
only finitely many manifolds admitting such an immersion. The finiteness of topological types was 
generalized by K. Corlette in [5] to immersions of arbitrary dimension and codimension. Moreover, the 
compactness theorem was generalized by S. Dclladio in [7] to hypersurfaces of arbitrary dimension. 
The general case, that is compactness in arbitrary dimension and codimension, was proved by the 
author in [3]. 

The proof strongly relies on a fundamental principle which we like to describe in the following. A 
simple consequence of the implicit function theorem says that any immersion can locally be written 
as the graph of a function u : B r — > R fe over the affine tangent space. Moreover, for a given A > 
we can choose r > small enough such that ||-Du||c<o(B r ) < A. If this is possible at any point of the 
immersion with the same radius r, we call / an (r, A)-immcrsion. 

Using the Sobolcv embedding it can be shown that a uniform L p -bound for the second fundamental 
form with p greater than the dimension implies that for any A > there is an r > such that every 
immersion is an (r, A)-immersion. 

Inspired by this result, it is a natural generalization to investigate compactness properties also for 
(r, A)-immersions with fixed r and A; this is the topic of the present paper. In the proof of the 
theorem of Langer it is essential that A can be chosen very small. Then, using the local graph repre- 
sentation over B r , all immersions are close to each other and nearly flat. These properties are used 
repeatedly, for example for the construction of the diffeomorphism <p l . 

Here, we would first like to show compactness of (r, A)-immcrsions in codimension 1 for any fixed 
A. We do not require any smallness assumption for A. Moreover, we do not only consider immersions 
with graph representations over the affine tangent space, but also over other appropriately chosen 
m-spaces. Let ^(r, A) be the set of C 1 -immersions / : M m — > R m+1 with 6 f(M), which may 
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locally be written over an m-space as the graph of a A-Lipschitz function u : B r — >■ M (the precise 
definitions of all notations used in this paper are given in Section 2). Here all manifolds are assumed 
to be compact. Moreover, let 3v (r, A) be the set of immersions in S rl (r, A) with vol(M) < V. Similarly, 
we define the set $,(r, A) by replacing CMmmersions in $ (r, A) by Lipschitz functions. We obtain 
the following compactness result: 

Theorem 1.1 (Compactness of (r, A)- immersions in codimension one) 
The set $v(r,\) is relatively compact in $ (r, A) in the following sense: 

Let p : M l — > R m+1 be a sequence in $v(r, A). Then, after passing to a subsequence, there exist an 
f : M — > W m+1 in $°(r,\) and a sequence of diffeomorphisms (p l : M — >• M l , such that p o (ft 1 is 
uniformly Lipschitz bounded and converges uniformly to f . 

Here the Lipschitz bound for p o 4 is shown with respect to the local representations of some finite 
atlas of M. For these representations, we obtain a Lipschitz constant L depending only on A. As an 
immediate consequence of Theorcm ll.il we deduce the following corollary: 

Corollary 1.2 There are only finitely many manifolds in 3v(r, A) up to diffeomorphism. 

The situation is slightly different when considering (r, A)-immcrsions in arbitrary codimension. For the 
construction of the diffeomorphisms <f> 1 one uses a kind of projection in an averaged normal direction v. 
In higher codimension, the averaged normal v cannot be constructed as in the case of hypcrsurfaces. 
We will give an alternative construction involving a Riemannian center of mass. However, for doing 
so we have to assume here that A is not too large. Let 3v(r, A) and $°(r, A) be defined as above, but 
this time for functions with values in K m+fc for a fixed k. We obtain the following theorem: 

Theorem 1.3 (Compactness of (r, A) -immersions in arbitrary codimension) 

Let A < j . Then 3v(t, A) is relatively compact in $°(r, A) in the sense of Theorem ] 

As in Corollarv ll.2[ we deduce for A < j that there are only finitely many manifolds in 3v( r J -M U P to 
diffeomorphism. Surely, the bound A < \ is not optimal; at the end of Section 6 we will discuss some 
possibilities how to prove the theorem for bigger Lipschitz constant. 

In [14| and [4] any sequence of immersions with i p -bounded second fundamental form, p > m, is 
shown to be also a sequence of (r, A)-immersions (for some fixed r and A). The same conclusion holds 
in many other situations, where the geometric data (such as curvature bounds) ensure uniform graph 
representations with control over the slope of the graphs. Hence it seems natural to unearth the com- 
pactness of (r, A)-immersions as a theorem on its own. In any general situation, where compactness 
of immersions is desired (e.g. when considering convergence of geometric flows), only the condition of 
Definition 12.21 in Section 2 has to be verified. If in addition some bound for higher derivatives of the 
graph functions is known (or for instance a C 0, "-bound for Du), with methods as in [J] one easily 
derives additional properties of the limit, such as higher order differentiability or curvature bounds. 
Hence, Theorems 11.11 and 11.31 can be seen as the most general kind of compactness theorem in this 
context. 
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2. Definitions and preliminaries 

We begin with some general notations: For n = m + k let G n>m denote the Grassmannian of (non- 
oriented) m-dimensional subspaces of R™. Unless stated otherwise let B e denote the open ball in R m 
of radius g > centered at the origin. 

Now let M be an m-dimensional manifold without boundary and / : M — > R" a C 1 -immcrsion. 
Let q G M and let T q M be the tangent space at q. Identifying vectors X G T q M with f*X G Ty^R™, 
we may consider T q M as an m-dimensional subspacc of R". Let (TqM) 1 - denote the orthogonal 
complement of T q M in R™, that is 

R™ = T q M © (TqM) 1 - 

and (TqM) 1 - is perpendicular to T q M . In this manner we may define a tangent and a normal map 

Tf : M — > G n , m , ^2 l) 

q TqM, 

and 

v f : M ->■ G„, fc , 

g i — y (TqM) 1 -. ( 2 - 2 ) 



The notion of an (r, A)-immersion: 

We call a mapping A : R" — > R n a Euclidean isometry, if there is a rotation i? S SO(n) and a 
translation Tel", such that A(x) = Rx + T for all x <E R". 

For a given point 5 £ M let : R" — > R n be a Euclidean isometry, which maps the origin to 
f(q), and the subspace R m x {0} C R m x R fc onto f(q) + r f (q). Let 7r : R™ — > R m be the standard 
projection onto the first m coordinates. 

Finally let U r ,q C M be the g-component of the set (it o A" 1 o f)^ 1 (B r ). Although the isometry 
A q is not uniquely determined, the set U r ^ q does not depend on the choice of A q . 

We come to the central definition (as first defined in [Sj): 

Definition 2.1 An immersion f is called an (r, \)-immersion, if for each point q £ M the set A~ x o 

f(U r ,q) is the graph of a differ entiable function u : B r — > R fe with \\Du\\co(B r ) < A. 



Here, for any x G B r we have Du(x) G R fcx "'. In order to define the C°-norm for Du, we have to fix 
a matrix norm for Du(x). Of course all norms on R fcxm are equivalent, therefore our results are true 
for any norm (possibly up to multiplication by some positive constant). Let us agree upon 

(rn 
Em 2 

for A = (a±, . . . ,a m ) G R fcxm . For this norm we have ||A|| op < ||A|| for any A G R fcxm and the oper- 
ator norm |j • || op . Hence the bound 1 1 -Du || c7 (^b^) < A directly implies that u is A-Lipschitz. Moreover 
the norm 1 1 ^Oz/. 1 1 o° (s^. ) does not depend on the choice of the isometry A q . 
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The notion of a generalized (r, A)-immersion: 

For any (r, A)-immcrsion / : M — > R™ and any g G M, we have a local graph representation over 
the affine tangent space f(q) + Tf(q). It is natural to extend this definition to immersions with local 
graph representations over other appropriately chosen m-spaces in M™. 

For a given q G M and a given m-space E G G„, m let : l n — > M. n be a Euclidean isometry, 

which maps the origin to f(q), and the subspace R m x {0} C M m x R fc onto f(q) + E. 

Let U, E q C A'/ be the g-component of the set (n o A qE o /) _1 (B r ). Again the isometry is 
not uniquely determined but the set Uf q does not depend on the choice of A q ^E- 

Definition 2.2 An immersion f is called a generalized (r, A) -immersion, if for each point 
q G M there is an E = E(q) G G„, m , such that the set A~ E o f(U, E q ) is the graph of a differen- 
tiate function u : B r — > M. k with \\Du\\co(B r ) < A. 

Obviously every (r, A)-immersion is a generalized (r, A)-immersion, as we can choose E(q) = Tf(q) for 
any q G M . 

For fixed dimension m and codimension k we denote by J? 1 (r, A) the set of generalized (r, A)-immersions 
/ : M -4 R m + fc with G f(M), where M is any compact m-manifold without boundary. For V > 
we denote by 3v(r, A) the set of all immersions in A) with vol(M) < V. Here the volume of M 
is measured with respect to the volume measure induced by the metric f*g C uci- Note that M is not 
fixed in these sets (in order to obtain a set in a strict set theoretical sense one may consider every 
manifold as embedded in for an N = N(m)). The condition G f{M) can be weakened in many 
applications to f(M)f) K ^ for a compact set K C M m+fe . 

The notion of a generalized (r, A)-immersion has one major advantage: As the definition does not 
make use of the existence of a tangent space, it allows us to define similar notions for functions into 
K" which are not immersed. For a given E G G n , m the set U E q can be defined for any continuous 
function / : M — > R". Moreover the condition ||Z)ii||(70(£,.) < A in the smooth case corresponds 
to a Lipschitz bound of the function u. Hence the following definition can be seen as the natural 
generalization to continuous functions: 

Definition 2.3 A continuous function f is called an (r, A)- function, if for each point q G M there is 
an E = E(q) G G n . m , such that the set A qE o f(U E q ) is the graph of a Lipschitz continuous function 
u : B r — > M fc with Lipschitz constant A. 

We additionally assume here, that E can be chosen such that / is injective on U E q . This property is 
not implied by the preceding definition, if one reads the latter word for word. 

We shall always consider (r, A)-functions defined on compact topological manifolds (without bound- 
ary) . Using the local Lipschitz graph representation, any such manifold can be endowed with an atlas 
with bi-Lipschitz change of coordinates. If the Lipschitz constant of the graphs is sufficiently small 
(and hence the coordinate changes are almost isometric with bi-Lipschitz constant close to 1), by the 
results in |13) there exists even a smooth atlas. In our case, the limit manifold both in Theorem ll.il 
and II .31 will be smooth. 

Finally, we define the set $°(r, A) by replacing generalized (r, A)-immersions in 5 rl ( r i-^) by (r, A)- 
f unctions. 
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Geometry of Grassmann manifolds 

For fc, n G N with < k < n let G n ,k again be the set of (non-oriented) fc-dimensional subspaces 
of M". 

The set G n ^k may be endowed with the structure of a differentiable k(n — fc)-dimensional manifold, see 
e.g. |15j . Moreover there is a Riemannian metric g on G n ^k being invariant under the action of O(n) 
in R™. It is unique up to multiplication by a positive constant (and — again up to multiplication by 
a positive constant — the only metric being invariant under the action of SO(n) in W 1 except for the 
case £4,2). For more details we refer the reader to [16]. 

In general, if (M, g) is a Riemannian manifold, the induced distance on M is defined by 

d{p, q) = inf{L(7) | 7 : [a, b] — > AI pieccwisc smooth curve with 
7(a) = p, 7(6) = q}. 

Here L("f) :— J \if(t) \ dt denotes the length of 7. If M is complete, by the Theorem of Hopf-Rinow 
any two points p,q G M can be joined by a geodesic of length d(p, q). This applies to the Grassman- 
nian as G n ^ is complete. 

Now suppose that E,G G G n ^ are two close fc-planes; this means that the projection of each onto the 
other is non-degenerate. Applying a transformation to principal axes, there are orthonormal bases 
{i>i, . . . , Vk} of E and {wi, . . . , Wk) of G such that 

(vi,Wj) = cos 6i with 61 G 

for 1 < j, j < k. For given fc-spaces E and G, the 61,. . . ,9k are uniquely determined (up to the order) 
and called the principal angles between E and G. Under all metrics on G n ,k being invariant under 
the action of O(n), there is exactly one metric g with 

d(E,G)= [Y, 9 * 

for all close fc-planes E and G, where d denotes the distance corresponding to g, and Oi, ... ,8k the 
principal angles between E and G as defined above; see [5] and the references given there. We shall 
always use this distinguished metric. 

We will need the following estimate for the sectional curvatures of a Grassmannian: 

Lemma 2.4 Let max{fc,n — fc} > 2. Let K{-,-) denote the sectional curvature of G n .k and let 
X, Y G T p G n> k be linearly independent tangent vectors for a P G G n ^- Then 

< K(X,Y) < 2. 

Proof: 

For min{fc, n — fc} = 1 all sectional curvatures are constant with K(X, Y) = 1. For a proof see [TB], p. 
351. For min{fc, n - fc} > 2 we have < K(X, Y) < 2 by [T7], Theorem 3. □ 

The injectivity radius of G n ^k is \ (see [2], p. 53). A subset U of a Riemannian manifold (M,g) 
is said to be convex, if and only if for each p, q G U the shortest geodesic from p to q is unique in M 
and lies entirely in U. For the Grassmannian G nj k, any open Riemannian ball B g (P) around P G G„ ; fe 
with q < j is convex; see [S], p. 228. 
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The Riemannian center of mass 

The well-known Euclidean center of mass may be generalized to a Riemannian center of mass on 
Riemannian manifolds. This was introduced by K. Grove and H. Karcher in [9]. A simplified treat- 
ment is given in [13]. See also [IT]. We like to give a short sketch of this concept. 

Let (M,g) be a complete Riemannian manifold with induced distance d as in (|2.3p . Let \i be a 
probability measure on M, i.e. a nonnegative measure with 

p{M) = dp = 1. 
Jm 

Let q be a point in M and B g = B g {q) a convex open ball of radius g around q in M. Suppose 

spt /iC B e , 

where spt p denotes the support of fi. We define a function 

P : B g -> R, 
P(p) = / d{p,xf dfx{x). 

Definition 2.5 i 56 B e is called a center of mass for fi if 

P(q) = inf / d{ Pl xf d^{x). 

The following theorem asserts the existence and uniqueness of a center of mass: 

Theorem 2.6 If the sectional curvatures of M in B g are at most k with < n < 00 and if g is small 
enough such that g < jTtk^ 1 / 2 , then P is a strictly convex function on B g and has a unique minimum 
point in B g which lies in B g and is the unique center of mass for [i. 

Proof: 

See P3], Theorem 1.2 and the following pages there. □ 

In the preceding theorem, we do not require the bound k to be attained; in particular all sectional 
curvatures are also allowed to be less than or equal to 0. The same applies to the following lemma: 

Lemma 2.7 Assume that the sectional curvatures of M in B g are at most k with < k < 00 and 
g < jixKr 1 ! 2 . Let Hi,fi2 be two probability measures on M with spt \i\ C B g , spt ^2 C B g with centers 
of mass qi, (72 respectively. Then for a universal constant C = C(k, g) < 00 

d{qi 7 q-2)<C d(q 2 ,x)d\fi 1 - /J, 2 \(x), 
Jm 

where — /^l denotes the total variation measure of the signed measure [i\ — fi 2 . 
Proof: 

Let Pj(p) = i J M d{p, x) 2 dfa(x) for £ = 1,2. By Theorem 1.5.1 in ,13,, with 

C = C{k, q):=1 + [i^^g)- 1 tan(2 K 1 ' 2 g) : (2.4) 
we have for all y £ B g the estimate 

%i,y)<C|gradPi(y)|. 
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Using spt fj,i C B g , by Theorem 1.2 in [T3] we have 

gradP;(y) = -/ cxp," 1 (x) dpi(x), (2.5) 

where exp~ x : B e — > T y M is considered as a vector valued function. 
Moreover, as q 2 is a center of mass, 

grad B 2 {q 2 ) = 0. 

Then with the argumentation of [11J . Lemma 4.8.7 (where manifolds of nonpositive sectional curvature 
are considered) we have 



d(qi,q 2 ) < ClgradPife)! 

exp~ 2 1 (x)dfi 1 (x) 



C 
C 



exp ?2 (x)dm(x) - / exp 92 (x)dfj, 2 (x) 

B D J Br, 



< C d(q 2 ,x)d\fj, 1 - fi 2 \(x), 

JM 

where we used | exp~ 1 (x)| = d(q 2 ,x) and spt /it, C B g in the last line. 



□ 



Basics for the proof 

We like to fix some further notation and to deduce some basic facts that are needed in the proof. 

First of all let us simplify the notation. For a given (r, A)-immcrsion / : M — > R m+1 and for ev- 
ery q S M we can choose an E q 6 G m +i. m with the properties of Definition 12.21 This yields a 
mapping £ : M — > G m +i. m , q n> E q . For every (r, A)-immersion we choose and fix such a mapping 
£. So every given (r, A)-immersion / can be thought of as a pair (f,£), even if £ is not explicitly 
mentioned in the notation. With A„ ?(„) and Urq 1 ^ as in Definition 12.21 we set 



and for < g < r 



jj£{q) 



In fact this means that A q and U e , q also depend on £{q). However, all properties shown below for 
U e , q are true for any admissible choice of £ . 



As an analogue to Lemma 3.1 in j!4| we obtain the following statement, where / is assumed to be a 
generalized (r, A)-immersion here: 

Lemma 2.8 Let f : M — > M m+1 be an (r, A) -immersion andp,q G M. 

a) If < Q <r and p £ U m , then \ f(q) - f(p)\ < (1 + X)g. 

b) If < g <r and S = [3(1 + A)] -1 g and Us, q n Us, p ^ 0, then Us. P C U e . q . 
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Proof: 

a) Pass to the graph representation, use the bound on the C°-norm of the derivative of the graph 
and the triangular inequality. 

b) Let x G Us, P and y G Ug >q D Ug tP . With ip q := ir o A^ 1 o / we have 

< !/(*)- /(<?)! 

< |/(ar) - /(p)| + |/(p) - + \f(y) - f(q)\ 

< 3(1 + A)(5 

= 0- 

Hence Ug, p C (p~ 1 (B e ). But f/^j, U E/a.g is a connected set containing g, hence included in the 
g-component of ip~ 1 (B e ), that is in U gA . We conclude Ug. p C J7 e , g . □ 

Now let r, A > be given. For I G N define Si := [3(1+A)]~V. For an (r, A)-immcrsion / : M -4 R m+1 , 
by Lemma 12.81 b) we have the following important property: 

If p, g G A/ and E/$, +1)3 PI Ug l+uP ^ 0, then Ug l+uP C £7j Ji9 . (2.6) 

If / : M — > M m+1 is an (r, A)-immersion and p G M, we may use the local graph representation to 
conclude that the set f{U r ^ p ) is homeomorphic to the ball B r . Hence we may choose a continuous 
unit normal v p : U r . p — > § r ™ with respect to f\U r , p . If q G M is another point and v q : U r , q §> m 
a continuous unit normal on U r ^ q , we note that v p and v q do not necessarily coincide on U TtP D U r , q - 
However, we have the following statement: 

Lemma 2.9 Let f : M — > R m+1 be an (r, A) -immersion and p, q G M. Let v p : Ug ltP S m , 
v q '■ Ugx.q § m be continuous unit normals. Suppose Ug llP H Ug llQ ^ 0. Then exactly one of the 
following two statements is true: 

• v p (x) = v q (x) for every x G Ug ltP ("1 Ug uq , 

• v p (x) = —v g (x) for every x G Us uP n Ug uq . 

Proof: 

Choose a £ G Ug ltP fl Ug ltq . First suppose that v p {C) — v q {£). As U r , p is homeomorphic to B r and 
connected, there are exactly two continuous unit normals on U r ^ p . Let v be the one with i/(£) = ^(5). 
Let W = {x G J/^^p : f(x) = z/ p (x)}. Then W is a nonempty subset of the connected set Ug ltP . 
Moreover W is easily seen to be open and closed in Ug ltP . Therefore W = Ug ltP and v p — v on 
Ug uP . As Ug u9 C U ryP by (|2.6p . the preceding argumentation can also be applied to v q . With 
= ^p(0 = ^<j(£) we conclude v q = v on Ug 1 . q . Hence v p = v = v q on Ug ltP fl Ug 1>q , as in the claim 
above. If u p (£) = —v q {£,), a similar argumentation yields v p = —v q on Ug 1>p fl Ug ltq . □ 

Remark 2.10 27ie statement of the preceding lemma might seem to be obvious at first sight. However 
one can think of a Mobius strip covered by two open sets U and V , each of which is homeomorphic to 
B r , such that U ClV has exactly two components. If we choose continuous unit normals v\, V2 on U, V 
respectively, we have V\ = v<i on one of the components, and v\ = — V2 on the other. Such a behavior 
of the normals is excluded by Lemma \2.9[ irrespective whether Ug 1 , p H Ug 1>q is connected or not. 

We need the notion of a <5-net: 
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Definition 2.11 Let Q = {gi, . . . ,q s } be a finite set of points in M and let < 5 < r. We say that 

s 

Q is a 5 -net for f, if M = (J Us, qj . 

Note that every <5-net is also a <5'-net if < 5 < 6' < r. 

The following statement is a bit stronger than Lemma 3.2 in |14j . It bounds the number of elements in 
a 5-net by an argumentation similar to that in the proof of Vitali's covering theorem. Simultaneously, 
similarly to Bcsicovitch's covering theorem, it gives a bound (which docs not depend on the volume) 
how often any fixed point in M is covered by the net. More precisely, we have the following lemma: 



Lemma 2.12 For I 6 N, every (r, X) -immersion on a compact m-manifold M admits a Si-net Q with 

|Q| < ^vol(M), 
\{qeQ :peU S2iq }\ < [3(l + A)] ( ' +1)m for every fixed p e M. 

Proof: 

Let qi £ M be an arbitrary point. Assume we have found points {q\, . . . , q u } in M with the property 
Us l+1 , qj n Us l+Il q k = for j ^ k. Suppose Us t , qi U . . . U Us uqv does not cover M. Then choose a point 
q v +i from the complement. Then Us l+1 , qk PI Us l+1 , qv+1 = for k < v, as otherwise Us l+1 , q „ +1 C Us t , qk 
by (Ell). As 

S 

vol(M) > ^vol(^ !+1 , 9j ) 

S 

> s6^ 1} 

this procedure yields after at most <5r™ vol(M) steps a cover. 

For the second relation let p g M. Let Q = {qi, ■ ■ ■ ,q s } be the net that we found above. More- 
over let Z(p) = {q e Q : p E Us 2 . q }. By Lemma \2JS\ b) we have 

[J Us 2 , q c Us ltP . 
qez(p) 

Hence we may estimate as above 

vol(U SuP ) > J2 vol (^ i+1 ,<?) 

qez(p) (2.7) 
> \Z{jp)\8r +l C m {B 1 ). 

As the immersion is an (r, A)-immcrsion, we have 

vo\(U SuP ) < (1 + X) m Sr£ m (Bi). (2.8) 

Combining (|2.7[) and (|2.8f) . we estimate 

\z( P )\ < (i + A)TC 

= 3 tol (l + A) (i+1)m , 

which implies the statement. □ 
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We would like to emphasize that the second estimate in the preceding lemma does not depend on the 
volume vol(M). This will be necessary in order to obtain estimates for Lipschitz constants and for 
angles between different spaces depending only on A but not on vol(M). 



Definition 2.13 Let f : M — > R m+1 be an (r, X) -immersion. Let I € N and let Q = {qi, . . . , q s } be a 
bi-net for f . For l G {0, 1, . . . , 1} and j G {1, . . . , s} we define 

Z L (j) := {1 < k < s : U s ,, qj n Us L , qk ^ 0}. 

For i>i, v 2 G R m+1 \{0} let <{y\, v 2 ) denote the non-oriented angle between v\ and v 2l that is 

< <{vi,v 2 ) < 7T, 

<u>i, v 2 ) = arccos -j — n — r . 

\ v A\ v i\ 

We consider the metric space (S rn ,d), where S m C M m+1 is the m-dimensional unit sphere and d the 
intrinsic metric on S m , that is 

d{;-)= <(-,-)• (2-9) 

For A C S m and x G S m let dist(x,A) = mi{d{x,y) : y G A}. For g > let B e (A) = 
{x G § m : dist(x,A) < g}. Moreover let S C V(S m ) denote the set of closed nonempty subsets 
of S m . We denote by du the Hausdorff metric on S, given by 

d n : S x S -> M>o, 

(S 1 ,S 2 ) ^ inf{^>0: Si C B e (S 2 ), S 2 CB e (Sx)}. 

We will need the following well-known version of the theorem of Arzela-Ascoli for the Hausdorff metric 
(see [T], p. 125): 

Lemma 2.14 Let {X,d) be a compact metric space and A the set of closed nonempty subsets of X . 
Then {A,du) is compact, i.e. every sequence in A has a subsequence that converqes to an element in 
A. 



We will have to estimate the size of some tubular neighborhoods. To do this we need to introduce 
some more notation. Suppose we are given g > and u G C 1 (B e ) with ||Du||(70(B e ) < A. Moreover 
let T G C 1 (B e ,m. m+1 ) with \T(x)\ = 1 for all x G B e . Suppose that T is L-Lipschitz for an L with 
< L < 00. Let u) : B g — > G m +i,i, q !-> span {T(q)}. Finally, let v : B e — >■ § m be a continuous unit 
normal with respect to the graph x (x,u(x)). We consider a vector bundle E over B e , given by 

E = {(x, y)EB g x R m+1 : y e oj(x)}. 

For e > let 

E e = {(x,y) EE:\y\ <e}cE. 

Moreover we define a mapping 



F : E 



pm+l 



(2.10) 

(x,y) \-> (x,u(x))+y, 



where y G cu(x). 
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2. Definitions and preliminaries 



Lemma 2.15 (Size of tubular neighborhoods) 

Let 7 < j . With the notation as above, assume that 

<( T (p), < 7 f° r ever y p,q^ b q- (2- 11 ) 

Then the following is true: 

a) For e = j- cos 7 the mapping F\E e is a diffeomorphism onto an open neighborhood of {(x, u(x)) g 
R m x R : x G B e }. 

b) Let a := min|| cos 7, 2 l°i+a) } • Then 

B a ({(x,u(x)) 6l" l xl:ieB f }) C F{E £ ), 

where e = ^ COS7 as in part a) and B cr (A) = {x £ R m+1 : dist(x,A) < a} for A C K m+1 with 
dist the Euclidean distance. 



The trivial but long proof is carried out in detail in the appendix. 




Figure 2.1 Tubular neighborhood around a graph. 
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3. Transversality and tubular neighborhoods 



Finally wc like to define again a metric for graph systems. First of all let 

s = {(Aj,Uj) s j=1 : A, : JfT l+1 -> M m+1 is a Euclidean isometry, uj G C 1 ^,.)}. 

Every Euclidean isometry A : W n+1 — > R m+1 splits uniquely into a rotation R G SO(m + 1) and 
a translation T G R m+1 . If || • || denotes the operator norm and if T = (Aj,Uj)j =1 G s , T = 
(Aj,v,j)j =1 G s , we set 

3(v) : s x s -> E, 

9(T,f) - ^(11^-^11 + 1^-^1 + 11^-^11^)). (2J2) 
i=i 

This makes (0 s , 0) a metric space. 



3. Transversality and tubular neighborhoods 

In this section we like to construct lines in K. m+1 , that intersect each (appropriately restricted) im- 
mersion f z transversally — even in the case, that the Lipschitz constant A of the graph functions is 
large. This yields local tubular neighborhoods around /' and is the crucial step in the proof. 

Let r > and A, V < oo. Let /' : AP — > M m+1 be a sequence of (r, A)-immcrsions as in The- 
orem O With Lemma choose (5 5 -ncts Q l = {gj,...,c&} for AP with at most S^" 1 vo^M 4 ) 
elements respectively and with 

\{qe Q l :pG U l Sa>q }\ < [3(1 + A)] 6 " 1 for every fixed p G AP. (3.1) 

As vo\(M l ) < V, we may pass to a subsequence such that each net has exactly s points for a fixed s G N. 

For every i G N, I G {0, 1, . . . , 5} and j G {1, . . . , s} we have 

\zi(j)\ < \v({i,..., s })\ = r. 

Hence, by successively passing to subsequences, we may assume 

Zt(j) = Z L (j) (3.2) 

for every i,j and l for fixed sets Z L (j). 

To simplify the notation, for < p < r we set U"i . ■ :— U 1 

Moreover, we choose for every i £ N and every j G {1, . . . , s} a continuous unit normal : j — > § m 
with respect to p \U*j- Let these normal mappings be fixed from now on. 

For S C S m let S be the closure of S with respect to the metric d defined in (|2.9p . We set 

For each fixed j, this yields a sequence (S'j)i 6 N in S. By Lemma [2.141 we can pass successively to 
subsequences in order to obtain a sequence with 

Sj -> S'j in (S, du) as % -)• oo 
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3. Transvcrsality and tubular neighborhoods 



for each fixed j G {1, . . . , s}, where S'j G S. In particular for every j 

(Sj)i£j$ is a Cauchy sequence in (S,du). (3-3) 
By (|3.3[) we may choose another subsequence such that for every j 

d H {S^, S l j) < j~- arctan A for all k,l S N. (3.4) 

To each G Q % we may assign a neighborhood U*j, a Euclidean isometry A* and a differentiable 
function u* : B r — > R as in Definition 12.21 This yields the corresponding graph systems T l = 
(Aj, v>j)j =1 G & s . As H-DUj ;||c°(B r ) < ^ an d as f l {M l ) is uniformly bounded, a subsequence of (r*) i£ N 
converges in ((25 s , 0). In particular 

(r l )i £ N is a Cauchy sequence in (<3 s ,d). (3-5) 

Let constants L, 7 and er be defined by 

L := [3(l + A)] 6m+4 r- 1 , (3.6) 

7T 1 

7 := — I — arctan A, (3.7) 
4 2 



cos 2 7 



2i(l + A) 

By (|3.5p we may pass to another subsequence such that 



(3.8) 



9(r fc ,r') < [3(l + A)(l + r)]- 1 o- forall/MeN. (3.9) 

For i = l we sometimes suppress the index 1 and write for instance qj and Uj instead of gj and uj . For 
the immersion / , let £ 1 : M — > G m +i, m be a mapping as explained in the beginning of Chapter 3.1. 
We set Ej := £ l {q)) G G m +i,m (this means Ej is an m-space for the point qj G M 1 as in Definition 



Our next task is to find a mapping 10 : M — > G m +i.i, which defines the direction in which we 
project from / 1 (M 1 ) onto p(M l ) in order to construct diffeomorphisms (f> 1 : M 1 — > M l . First we 
would like to give a local construction. In Lemma 13.51 we will show that oj is even globally well-defined. 
The construction is similar to that in |14j . but more involved. 

We choose a C°°-function g : R>o — > K with the following properties: 
. g(t) = 1 for t < ^, 

• 0<g(t) < 1 fortG [^,1], 

• g(t) = for t > 1, 

• -2 < g'(t) < for all t > 0. 

We note that = [3(1 + A)] -1 < |, hence such a function g exists. 

Let 

Z-.M 1 -> 7>({l,...,s}), 

q ^ {l<k<s:qeUi k }. 
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3. Transversality and tubular neighborhoods 



By (|3.1j) we have 

\Z(q)\ < [3(1 + A)] 6m for every q G M 1 . (3.10) 

For every k G {1, . . . , s} we choose a unit vector Wk that is perpendicular to the subspace Ek defined 
above. Let these vectors Wi, . . . ,w s be fixed from now on. 

Now let j G {1, . . . , s}, q G Uj ■ and fc G Z(q). Lemma ETglb') yields 



In particular ^{Ug^ j) is the graph of a A-Lipschitz function on a subset of E^. This implies 

either <{wk, v^{qj)) < arctan A or <(— w^, vj(qj)) < arctan A. (3-11) 

Set 

,_ f w k , if <(w fc ,i/j(q' :) )) < arctan A, . . 

\ — Wk, otherwise. 

If we replace the point qj by any other point p G j, the relation p. lip will still be true. As uj is 
continuous and j is connected, we easily conclude 

<{vk, Vj(p)) < arctan A for every p G U^j, (3.13) 
where Vk is the fixed vector defined in (|3 . 1 2[) . We finally define a function 

S:Ulj K m+1 , 



keZ(q) 



Lemma 3.1 The following inequalities hold: 

a) \S(q)\ > (1 + A)" 1 for every q G U^. 

b) <(S(q), Vj(p)) < j + | arctan A for every q G Ug 3 j and every p G 
Proof: 

a) Let q G Ug 3 y As Q 1 is a <54-net for f 1 , there is a fc G {1, . . . , s} with q G E/j 4 fc . By Lemma 
a) we have \f 1 {q) - f 1 (qk)\ < $3, hence 

IfHq) - fHqkM < h = Si 
S 2 5 2 r 

By the definition of g this yields 

g n/ 1 (q)-/ 1 (gfc)l ^ =1- 

Now let Z G Z(q). By (|3.13[) we have <(^, (5)) < arctan A. Hence 

(vi,Vj(<l)) = \n\W](q)\cos{<{vi,v)(q))) 

> cos (arctan A) 
= (l + A 2 )-5 

> (1 + A)- 1 . 
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3. Transversality and tubular neighborhoods 

We note that q £ Ug 4 k in particular implies k £ Z(q). Finally we estimate 
\S(q)\ > (S(q),^(q)} 

'\f 1 (Q)-f 1 (Qk)\\ / w , x , f\fH<i)-fH<n)\' 



1 K , v jW) + 2^ 9[ x / ' ' ' j 



*G.Z( q )\{fc} 



;ez( 9 )\{fc} 
> (1 + A)- 1 . 

b) Let q £ [7^. and p e C/J i;J .. By (£0} there is a p' £ U} uj with 

7T 1 



<{v](p'), V )(p)) < j-^aretanA. (3.14) 



4 2 

By (|3.13[) . every Vk with fc € lies in the cone 

C = {v e M m+1 \ {0} : <(«, < arctanA}. 

By the definition of S, also the non-zero vector S(q) lies in C, i.e. 



<{S{q)^](p')) < arctanA. (3.15) 



3 

Using the triangular inequality, we conclude with (|3.14[) and (|3.15p that 



7T 1 

<{S{q),v)(p)) < - + - arctanA. 

4 2 □ 



By Lemma 13.11 a) the mapping S does not vanish on Ug 3 j . We define T by normalizing S, that is 

S(q) 



9 >-> 



!%)[' 



Identifying [/^ ■ with by means of the diffeomorphism no Aj 1 o f 1 : U$ 3 j — > Bs 3 , we may consider 
T and S as mappings defined on the ball Bg 3 . We show, that T considered as mapping on Bg 3 is 
Lipschitz with respect to the Euclidean norm: 



Lemma 3.2 The mapping T : B$ 3 —> M m+1 is L-Lipschitz with L = [3(1 + A) 



6m+4^-l 



Proof: 

Let x, y £ Bg 3 . Then there are unique p,q £ Ug s ■ with ir o Aj 1 o f 1 (p) = x, no Aj 1 o f 1 (q) = y. 

Let k £ Zip) \ Z{q). Then p £ U% s ■ n U} 2 k . Lemma |2~51 b) implies U} j C U] lk , so in particu- 
lar q £ Ug k . Now assume |/ 1 (g) — f 1 (qk)\ < $2- With ip^ = n o A^ 1 o f 1 this implies (fk(q) £ B$ 2 . 
Hence q £ U} ik n ip k \Bs 2 ) = U} 2 k . But this contradicts k £ Z(q). Therefore \f 1 {q) - > S 2 

and hence g ( ^— ^~ s * ^ fc ^ ^ = by the definition of g. 

The same argument shows g ( LflMz^Ml \ = for all I £ Z(q) \ Zip). 
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3. Transvcrsality and tubular neighborhoods 



Using the preceding considerations, ||g'|| c °(R> ) < 2 and \Z(p)\ < [3(1 + A)] 6 " 1 , \Z(q)\ < [3(1 + A)] 6m , 
we estimate as follows: 



\S(x)-S(y)\ 



^ f \f 1 (p)-f 1 (q k )\ \ ^ ( \f l {<D-f l {m) , 



k£Z(p) x 

E 

fcGZ(p)UZ(g) 



iez(<r) x 



< 



E lb'llco(R> ) 
fc£Z(p)UZ(g) 



^2 J V 

I/Hp)-/ 1 ^)! I/ 1 ^)-/ 1 ^)! 



< E fi/'w-/ 1 ^)! 

k£Z(p)UZ(q) 2 

< 4[3(1 + \)] 6m+2 r~ 1 \(x,Uj(x)) - (y, Uj (v))\ 

< 4[3(l + A)] 6m+2 r- 1 (l + A)|x-zj|. 



By Lemma \3. II a) we have |S'(z)| > (1 + A) 1 for every z G Ug 3 y Hence 

S(x) S(y) 



\T(x)-T(y)\ 



\S(x)\ \S(y)\ 



< 4[3(l + A)] 6m+2 (l + A) 2 r^ 1 |x-y| 

< ^(l + A)] 6 "^^- 1 !^-?/!. 



□ 



Remark 3.3 Of course, T is also Lipschitz as a mapping on U$ 3 j with respect to the metric induced 
by f . The estimate of the Lipschitz constant gets even better in this case. Moreover, we note that in 
the preceding lemma L depends on r. However, we will see that the Lipschitz constant of f o <fr l does 
not depend on r in the end. 



We set 



w : Ug 3 j — > G TO+ i.i, 

q i y span{S'(q)}, 



which is well-defined as S(q) ^ by Lemma [XT] a) 



We like to explain how w locally forms a tubular neighborhood around / : 



For that we consider the mapping 

9k ■ Ul >k -> 
q i y 



As g is smooth and g(t) = for t > 1, it is easily seen that g k can be extended to a smooth function 
g k : M l ^ M by setting g k = outside U}^ k . This implies that 5 : U}^ ->■ K m+1 is differentiable, 
even if the sum in the definition of S depends on Z(q). Hence also T = -Mr is differentiable. Moreover 
Lemma T3.2I savs that T is L-Lipschitz with L = [3(1 + A)] 6m+4 r~ 1 and by Lemma IBTTl b) we have 



7T 1 



< (T(p) , v) (q)) < - + - arctan A for all p,qe U\ 



4 2 



3,3' 
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3. Transvcrsality and tubular neighborhoods 

Finally, after a rotation and a translation, f(U$ s j) may be written as the graph of a C 1 -function 
Uj : Bg 3 — > R. Let us introduce some more notation: 

We consider a vector bundle Ej over U$ 3 • , given by 

E s = {(x, y) 6 t/j 3ij x R m+1 : y e u{x)} 

with bundle projection tt. We may identify the zero section of £y with ?7j" 3 j. For e > let 

E? = {(x,y)eE j :\y\<e}cE j . 

Finally we define a mapping 

Fa : Ej -> R m+1 , 

(x,y) ^ f(x)+y, 

where y E u>(x). 

Lemma 3.4 Let e = -pCOS7, where L and 7 are as in \3.6}) . \3. 7\ ). Then the following is true: 

• Fj\Ej is a diffeomorphism onto an open neighborhood of ^(U^j), 

• for each fibre E q — 7r — 1 (g) it holds Fj(E q ) = u>(q). 

2 

Moreover for = 2 j,°i+a) we have the inclusion 

BMKUI^CF^EI). 

Proof: 

This is just a reformulation of Lemma T2.15I Note that 

cos 7 „ ro/ r , xm-3 



< [3(1 + A)]" d r = S 3 



L(l + X) 

hence a = min { f cos 7, 2 ^°f + 7 A) } = 2 2°f + 7 A) ■ □ 



Up to this point we have constructed for each j £ {1, . . . , s} a tubular neighborhood locally around 
f{U} 3 j). Since the mapping S depends on j, we should write more accurately Sj instead of S. In 
the same way we should write uij instead of ui. However, we can show that uj is globally well-defined. 
More precisely we have the following lemma: 

Lemma 3.5 Let j,k 6 {1, . . . , s}. Then 

u)j = uj k on U} 3tj n U} 3>k . 
In particular there is a smooth mapping uj : M — > G m +i.i with oj\U1 3 j = uij for each j 6 {1, . . . , s}. 
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3. Transversality and tubular neighborhoods 



Proof: 

Let j, k G {l,...,s}. For q G U} s ■ fl Ug k we show that cither Sj(q) = S k (q) or Sj(q) = —Sk(q), 
which implies the statement. 

Let q G Ug 3 j l~l Ug 3 k and I G Z(q). Lemma \2l8\ b) implies 

K,k c 

As in p. lip wc conclude 

(either <{wi, Vj(qj)) < arctanA or <(—«;;, i^ 1 ^ )) < arctan A ) 

and 

(either <(wz, v\{qk)) < arctan A or <(— ii^, ^(g^)) < arctan A ) . 
We define vectors as in (|3.12j) . the first time depending on j, the second time on k: 



V 3,l 



wi, if <(wi,Vj(qj)) < arctan A, 
-wi, otherwise. 

wi, if <(wi,vl{q k )) < arctan A, 
-wi, otherwise. 



Then 



and 



= 2^ 9 I T. ) KM 



S*W) = 2^ -9( T J"M' 



zez(?) 

By Lemma [HH we have i/j = ^ on [/^ ■ fl f/^ fe , or = —v\ on Ufa ■ r\Ug x k . Let us first assume 

v\ onUj uj nUl tk . (3.17) 



Since g G U} 3 j fl E7j 3 fc , we conclude with Lemma I2T51 b) 
in particular 



fe,^} C Ul^UUl^ c C^nCft,*. (3.18) 
By (jcTTS)) together with (pTT8"|) wc have 

<(vj,l,Vj[qk)) < arctan A, (3.19) 
by ijgTf]) . (Big) and (pTP9")) moreover 

<{vj,i, ^l(qk)) < arctan A. (3.20) 
We already know that i/^j = i/jfe,/ or ^j.z = ~ v k,U thus (|3.20p allows us to conclude that 

'';./ = ''/.;• 

Since this is true for all / £ Z(q), we conclude 5j(q) = Sk(q) and hence uij(q) = u>k{q)- 

If i/J = — j/^ on £7^ ■ H Ufa k , one similarly concludes i/jj = —i/k,l for all I G ^(s)- This implies 
Sj(q) = —Sk(q) and hence again u>j(q) = uJk(o)- D 
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4. Intersection points and definition of (j? 



4. Intersection points and definition of cf> 1 

In this section we like to show that for p G M 1 the line f 1 {p) + uj(p) intersects each appropriately 
restricted immersion p(M l ) in exactly one point. Using this, we are able to give a definition of the 
mappings 0* : M 1 — > M % , Each 4> l will be shown to be a diffeomorphism. Moreover, it will be shown 
that f 1 o (f> % is uniformly Lipschitz bounded. 



Lemma 4.1 For p G U$ 3 A the line f 1 {p) +u>(p) intersects the set P'(Ug i j) in exactly one point. This 
point lies in f l (Ul o j). 



Proof: 

Let p € Ug s ■ . First we show that f 1 (p) 



){p) intersects p(U} 2 ,,-)■ By Lemma |3~T1 b) we have 



<(T(p),i/j(g))< 



Let G ={(x,y)€Uj 2tj x 
function F be defined by 



j v 
m+l 



■ arctan A for every q G 



(4.1) 



y G w(p)}. We note here that uj(p) does not depend on x. Let the 



G 



f(x) + y, 



(4.2) 



where y G With an argumentation as in Lemma 13.41 using (|4.1[) and the fact that oj(p) 

is constant, we conclude that F(G) forms a tubular neighborhood around P{Ug 2 j), and moreover 
Ba{f l {Ul 3 ] )) C F(G) with a as in (33). 

We would like to show that J x (U} 3 j ) G B a (f(Ul •)). For that let p' G f/j -. Then there is a unique 



x G S 53 with /V) 
We estimate 

\fW)-f(p')\ 



Aj(x,Uj(x)). Moreover there is a unique q' G f7J 3 • with p(q') = Aj(x,Uj(x)). 



A)(x,u)(x)) ~ A)(x,u)(x))\ 



< 

< 
< 



Ri(x,u)(x))+Ti - R)(x lU )(x)) - T}\ 

R)(x,u)(x)) - R)(x lU ){x))\ + \R){x,u)(x)) - R){x,u)(x))\ + \T}-T}\ 
R){{x,u){x)) - (x,u}(x)))\ + \(R) - R])(x,u](x))\ 
u)(x) - u}(x)\ +\\R)- i$ || | (*,«}(*)) | + \T] -T/| 



IT' 



(J 

3 

0", 



a 
3 



(7 

3 



where in the sixth line we used |(a;, itj(x))| < (1 + A)r and 0(r 1 ,r*) < [3(1 + A)(l +r)] 1 cr which fol- 
lows from j31]). Hence f\Ul 3 j ) G B a {P{U l g 3j )), i.e. f\Ul 3 j ) lies within the tubular neighborhood 
defined above. But this means that there is a q G J7| 2 • such that / x (p) + w(p) equals / l (<?) + w (p)- 
Hence f 1 (p) + uj(p) intersects P(Ug 2 ■ ) in the point /*(<?). 

It remains to show that f 1 (p) + w(p) intersects PiU^j) in not more than one point. By (|4.1[) we 



have <(T(p), ^ (f?)) < f for every g G C/^ By the definition of uj this implies 



for every q G E/^ 3 -. As p is an (r, A)-immersion, we conclude with Lemma I A. II in the appendix that 



P(p) +oj(p) intersects f l {U l Si ■) in at most one point. 



□ 



The following lemma will be needed in order to show that the mappings (jf are well-defined: 
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4. Intersection points and definition of <P 



Lemma 4.2 Let p G U} 3 ■ C\U} 3 k . Let Si be the intersection point of f 1 (p) +uj(p) with p {U l Si ■) , and 
S2 i/ie intersection point of f l (p) +uj(p) with / l (J7| i k ). Finally let o\ G U\ i j with p(o~\) = Si, and 
°~2 G Ug lk with f l (o- 2 ) = S 2 - Then o\ = o 2 . 

Proof: 

By Lemma r4.il we have S 2 G P(Ug 2 hence (T2 G U\ o k . As p G f/^ ^ fl C/^ fe , we have in particular 
Uj 2 ■ n Uj 2 k ^ and hence E/^ fc G Ug ± j by Lemma 12751b ). By Lemma |4~T1 the set p(p) + co(p) has 
exactly one point of intersection with PiJJ^ j). We conclude <J\ = a 2 . □ 

Now we are able to define the mappings 0* : M 1 — > M % . Let p G M 1 . Then p G Uj 3 j for some j. 
The line Pip) +u)(p) intersects PiU^ j) in exactly one point S p . Moreover there is exactly one point 
(7 P G ■ with P(o-p) = S p . We set <f) l {p) := a p . The mappings (j)" 1 are well-defined by Lemma 14*721 
Clearly we have /' o <f> l (p) = S p . 

We like to show that each <f> % is a diffeomorphism. For that we follow in parts the argumentation 
of @]: 

Lemma 4.3 Each of the mappings <p : M 1 — > M 1 is surjective. 
Proof: 

Let q G M\ As Q l is a ^4-net for f 1 , there is a j G {1, . . . , s} with q G XJ\ 4 y By Lemma I3~4l for e = 
^ COS7 the set F{E ] ) forms a tubular neighborhood around f 1 (U} 3 j), and moreover B a (f 1 (Ug 4 j)) G 
Fj{E e 3 ) with ex as in (|3.8[) . With (|3.9[) and an estimation completely analogous to that in the proof of 
Lemma |4~T1 one shows f l {U l Si •) G B a {f 1 (U} i ■)). Hence, for every g G C/| 4 • there is ap e Uj 3 j with 
,P( ) G /Hp) + By the definition of </> l this yields </> l (p) = g. □ 

Lemma 4.4 Each of the mappings <p : M 1 — > M l is infective. 
Proof: 

First we note that for every j G {1, . . . , s} we have ^(U^ j) C Ug 4 r This is shown by the same argu- 
mentation as in Lemma I4TT1 Moreover, by the proof of Lemma l4~3l we know that f l (Ug 4 •) C Fj{E J ). 
Using that Q 1 is a £ 5 -net for J 1 , we conclude p o (p l (x) G Fj(E x fl S|) for every a; G Uj 3 ■ (where 
E x = n^ 1 (x)). As Fj\Ej is a diffeomorphism, we conclude that <j) % is injective on [7^ .. 

For showing global injectivity, let x, y G A/ 1 with x ^ y. As Q 1 is a Js-net for f 1 , there are j, fe 
withxG^^G^^yG^^GC/l^,. 

Case Is Uj 4>j H C£ jfc = 

By the considerations at the beginning of this proof, we have 4> l (x) G Ug 4 y <j> % {y) G U\ ik . By 
([33]) for i = 4, we have U\ 4 ] n t/J 4jfc = 0. This implies ^ (j) l {y). 

Case 2: ^ . n U^ k + 

By Lemma [2751 bl we have U\ i k C C^1 3J - By the considerations of above, <f> % is injective on U\ 3 ■. 
Again we conclude </> z (x) 7^ (y) . □ 

Corollary 4.5 iJac/i mapping (j) 1 : M 1 — > M l is a diffeomorphism. 
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4. Intersection points and definition of <f> 1 



Proof: 

As in Lemma [4.41 we have p o <f> % {x) G Fj(E x D £j) for every a; G E/^ •. Using a trivialization of 

the trivial bundle Ej, one easily concludes that /* o cj> 1 : M 1 — > R m+1 is an immersion (see also [3]). 
Moreover, the mapping (j> 1 is surjective by Lemma l4~3l and injective by Lemma l4~4l We conclude that 
(jj 1 is a diffeomorphism. □ 



Finally we would like to prove that the reparamctrizations /' o </>* are uniformly Lipschitz bounded. 
As above, for j G {1, . . . , s} we can consider p o 4> l \Ug 3 • also as a mapping defined on Bg 3 , This 
mapping shall be denoted by f % : B$ 3 — > R m+1 . 

Lemma 4.6 Let j G {1, . . . , s}. Let p : Bg 3 — > M m+1 be the local representation of p o <f> l \Ug 3 j as 
explained above. Then p is K-Lipschitz for a finite constant A = A(A). 

Proof: 

Let x, y G Bg 3 - Then there are unique fii, fi2 G K such that 

f\x) = (x,u](x)) +vnT(x), f l (y) = (y,u](y)) + ^T(y). 

By the construction of the mappings 4> l we have \ni , |^2 1 < £, where e = cos 7 < r. Let E 1 G Gm+i,m 
be the m-space perpendicular to T(x). We define an affine subspace E := + £?. Let 

7f : M" 1 " 1-1 — > _E denote the orthogonal projection onto E. As 

tt((x,u](x)) +[j,T(x)) = (x,u](x)) 

for any /i£K, we may estimate as follows: 

-n(P(y))\ = mx,u)(x))+^T(x))-n{{y,u){y))+^T{y))\ 
= \^{{x,u){x))+^T{x))-n{{y,u)(y))+ m T{y))\ 

< \(x,u 1 j (x))-(y,u 1 j (y)) + ^(T(x)-T(y))\ (4.3) 

< \x-y\ + \u){x)-u) (y) \ + r\T(x) - T(y) \ 

< (1 + A + rL)\x - y\. 

By Lemma [A. II together with Lemma 13.11 b). the set P(Uj i .) is the graph of a function ft on an 

open subset U of E. In the same manner, f l (Ug 2 j) is the graph of the same function restricted to a 
subset V CC U. Again by Lemma \3. li b), on convex subsets of U the function u is A'-Lipschitz with 
A' = tan7, where 7 is as in p.7p . Let q > be small enough, such that B e (£) C U for any £ G V 
(where here i? e (£) denotes an open ball in E). 

Now assume x — y\ < 1+ ^ +rL ■ By Lemma |4"7T1 we have p{z) G P{Ug 2 j) for any z G £>5 3 . Hence by 
(|4.3|) the points fc(f l (x)) and Tt{p{y)) lie both in the convex subset B e ( : k(P(x))) of [/. We conclude 



1/^)-/%)! = \(^ptx))M*(nm)-(*U\y))M*{f{y))))\ 

< (1 + tan7)(l + A + rL)\x - y\. 



(4.4) 



If x, y G 5,53 are arbitrary points, let N G N with N > 1+A+r - L |x - We define x t =x + l ^ 
for t = 0, . . . , N. Then, using a telescoping sum and (|4.4[) . we have 



JV-l 



\f\x)-P{y)\ < ^l/XxJ-ZW)! 

< (1 + tan7)(l + A + rL)\x - y\. 
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5. The limit function lies in $° (r, A) 

By the definitions of L and 7, the quantities rL and 7 depend only on A. Hence p is 
A-Lipschitz with A = A(A) = (1 + tan7)(l + A + rL). □ 

Remark 4.7 If we choose some of the constants more carefully, we can give a better bound for A 
in the preceding lemma. Choosing the right hand side in {3.J$ extremely small, we can replace 7 by 
a number 7 which is slightly greater than arctanA. Moreover, we can choose e with | /xi | , | 1 < £ 
so small, that the term eL can almost be neglected. With these constants, we finally obtain A 
1 1 + tan7)(l + A + eL) < 2(1 + A) 2 . In particular, A does not depend on the dimension m here, 
although L depends on m. 

Finally, with Lemma 14.61 we may pass to a subsequence such that /* o <\> l converges uniformly to a 
limit function / : M 1 — s- R m+1 . As limit manifold we define M := M 1 . Thus the limit manifold is a 
compact diffcrcntiable m-manifold. 

5. The limit function lies in #°(r, A) 

Up to this point we have found a subsequence and diffcomorphisms cf> 1 : M 1 —> M l , such that /' o <j>' 1 
is uniformly Lipschitz bounded and converges uniformly to an / : M — > R" l+1 . In this section we 
will show that the limit function / lies in $ (r, A). 

For that we have to show, that for each point q G M 1 there is an E = E(q) G G m +i, m , such 
that / is injective on Uf q and the set A qE o f(Uf q ) is the graph of a Lipschitz continuous function 
u : B r — > R with Lipschitz constant A. 

So let q G M . Let q l = <fr l (q) G I\P . As each /' is an (r, A)-immersion, there are E % G G m +i. m 
such that for each i the set (A l t E i)~ 1 ° f l (U^ ; ) is the graph of a diffcrcntiable function u l : B r — >• R 
with \\Du l \\ c o(B r ) < A. 

Passing to another subsequence, we may assume 

u l —> u uniformly, 

E i ->■ E for the metric d defined in 

as i — > 00, where u : B r — > R and E G G m +i. m . In particular, u is Lipschitz continuous with Lipschitz 
constant A. 

Let A q ^E be a Euclidean isometry, which maps the origin to /(<?), and the subspace R m x {0} C R m x R 
onto f(q) + E. Then we have in any case A q ^{{{x, u(x)) : x G B r }) C f(M 1 ). 

To finish the proof, we show that / is injective on Uj? q and that A qE o f(Uf q ) is the graph of 
the function u. This is true, if and only if for every g with < g < r the function / is injective on 
Ug q and the set A qE o f{U^ q ) is the graph of the function u\B g . 

We first show the graph property. Let a g with < g < r be given. Let e > with s < minjp, r — g}. 
Moreover, let C M 1 be the g-componcnt of the set (it o A~t E , o f i o cj) l )~ 1 (B e ). Again, U^ q C M 1 

is the g-component of (n o A qE o f)~ 1 (B g ). By the definition of U l e , we have A~^ Ei o /* o (f) l (lJ l e ) = 

{(x, u l (x)) : x G As A~^ Ei o /' o 0* — > A~ B o / uniformly, we conclude with the definitions of XJ l e 

and Ug q that U t e _ e C J7^ g C C^g +e for i sufficiently large, in particular 

{(xX(x)) : x G B g _ £ } G A~^ Ei o /* o (j/(Uf q ) C {(x, W 4 (x)) : x G B e+£ }. 
Letting i — > 00, we obtain 

{(x, u(x)) : x G B e - e } G o f(JJ® q ) G {(x, m(x)) : x G B e+ J. 
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6. Compactness in higher codimension 



As this is true for every e > with e < mm{g, r — q}. wc conclude with the definition of U® q that 
o f(U® q ) = {(x, u{x)) : x G B e }. This is the desired graph property. 



Similarly, one shows that / is injective on U^ q . We have f(x) = limj_ s . 00 /' o <fi l (x) for all x G U^ q , 
and moreover U^ q C U* +e for i sufficiently large. The functions /* o <fi l are injective on U l g+e and it 
holds A qi Ei o p o <j) l (U q e+e ) = {(x,u l (x)) : x G B g+e }. Using A q i E i — > A Qt E, one easily concludes that 
A qE o / and hence also / is injective on U® q . 



This shows that the limit function / lies in $°(r, A). 

6. Compactness in higher codimension 

In the final section we want to prove Theorem II .31 that is compactness of (r, A)-immersions in higher 
codimension with A < |. Our main task here is to give an analogous construction of the averaged 
normal projection for arbitrary codimension. For that we shall use a Ricmannian center of mass, 
which was introduced above. 

So let /* be a sequence as in Theorem 11.31 with A < \. For all objects of the preceding sections 
that are defined also in arbitrary codimension, we shall use precisely the same notation. We note that 
Lemmas 12.81 and 12.121 are true also in higher codimension. For q e M 1 we set 



As in the proof of Lemma 13.11 a) we conclude that there is a k € Z{q) with A? = 1. For each 
j G {l,...,s} let Nj G G n ,k be the fc-space perpendicular to Ej. We define for each q £ M 1 a 
probability measure fi q on G n .k by 



be the normal map of f 1 as defined in (|2.2[) . and r : M 1 — > G n<m the corresponding tangent map as 
in (|2.1|) . Now consider 





where <5jv denotes the Dirac measure on G„ & s 



lupported at N € G„,fc. 



Moreover, let 



v : M 1 -> G n , k , 

q ^ (TqM 1 ) 



P:5 f (!/(?)) -> R, 




where B*(v(q)) C G n< k is the closed ball of radius ^ around ^(g). Here the radius is measured with 
respect to the canonical distance d on G n ,k as defined in (|2.3|) . 



Lemma 6.1 For every q G Af 1 it holds spt/i g C B^-(v(q)). 
Proof: 

By the definition of fx q it is sufficient to show that Nj lies in B^_(y(q)) for every j G Z(q). So 
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6. Compactness in higher codimension 



let j E Z(q). By the definition of Z(q) we have q E U$ 2 ■. We deduce that Nj is the graph of 

a linear function h over v{q) with \\Dh\\ = (X)i=i I^V 1 ! 2 )^ < A < 4. Let 8i,...,9k be the prin- 
cipal angles between TVj and f(q). After a suitable rotation we may assume that tan#; = \dih\ 
for every i E {l,...,fc}. Using 9 < tan6> for 9 E [0, §), we estimate d{N j ,v{q)) = (ELi 6 *?)^ < 
(Eti( tan ^) 2 )' = (Eti |W»| a )* < A < | < Hence TVj lies in %(%))• □ 

In particular we have spt^ 9 C Hence we conclude with Lemma 12.41 and Theorem 12.61 

that there is exactly one center of mass N(q) E B*(v{<q)) C G r i,fc for \i q . In this way we may define a 
mapping 

N-.M 1 G„, fc , 
9 ^ iV(g). 

An important property of the averaged normal TV constructed in this way is its differentiability. It is 
needed in order to obtain diffcomorphisms <f> 1 : M 1 — > M\ We will show that TV is in C k if the function 
f 1 is in C k (here we denote by k the degree of differentiability, and by k the codimension). First, for 
functions defined on manifolds, we need the following variation of the implicit function theorem: 

Lemma 6.2 Let M be a smooth m-manifold, (TV, <?) a smooth Riemannian n-manifold and f : 
M X TV — > R a mapping. For every fixed x E M , assume that 

h x :N^R, h x = f(x, • ) 

is in C 2 (TV) and is strictly convex. Let k > 1 be an integer. Denoting by grad h x the gradient of the 
fixed function h x defined above, assume that 

H : M x TV ->• TTV, (x, y) i-> grad h x (y) 
is in C k (M x TV, TTV). Let (x ,y ) E M X TV be a point with H(x ,y Q ) = 06 T^TV. 

Then there are open neighborhoods U C M of xq and V C TV of yo, and moreover a function 
F E C k {U,V), such that {(x,y) E U x V : H{x lV ) = E T y N} = {(x,F(x)) :xEU}. 

Proof: 

Let (p\ : U\ — > <p(Ui) be a coordinate chart of M with xo E Ui, and let tp 2 : V\ — > </?2(Vi) a coordinate 
chart of TV with yo E V\. For fixed x E M, in the local coordinates (fi2 we have 

n 

grad/i x = ^2 g lJ djh x d l: (6.1) 

i,j=l 

and, with the corresponding Christoffel symbols = | Ya=i 9 kl (di9ji+dj9n~di9ij)i the components 
of the Hessian D 2 jh x = didjh x —Y^k=i ^ij dkh x . If we assume 932 to be Riemannian normal coordinates 
centered in j/Oj we obtain 

Dlh x {y ) = didjhM. (6.2) 

Let us now consider the local representations of h x and / in the coordinates (f2 and ipi x if 2 respectively. 
Wc denote these representations simply by h x and / again. Moreover, we identify xq and yo with 
ifi{xa) and ^2(2/0) respectively. The condition on h x to be strictly convex means that the Hessian 
D 2 h x is positive definite in every point. Hence, by (|6.2[) . the Hessian matrix D 2 h x (yo) of the local 
representation is positive definite, in particular 

D 2 h Xo (y ) is invertible. (6.3) 

The Jacobian Df may be considered as a mapping Df : SI — s- W n+n , where SI = (pi(Ui) x (^2(^1) 
C W n x K n . Wc write Df = (D x f,D y f) E W n x W l and consider the mapping D y f : Q, W\ 
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6. Compactness in higher codimension 



Similarly, for the Jacobian of D y f, we write D(D y f) = (D x (D y f),D v (D y f)) G R nxm x R" x ™. As 
D y f(xo,y ) = Dh Xo (y ) and as H(x Q ,y Q ) = 0, we conclude 

D y f(x o ,y ) = 0. (6.4) 

Similarly, as D y (D y f)(xo,yo) = D 2 h Xo (yo), we know by (|6.3[) that 

D y (D y f)(x ,y ) is invertiblc. (6.5) 

The assumption on H to be in C k implies with (|6.1[) that also D y f : 51 — > R n is in C k . Hence we 
may use (|6.4[) . (|6.5p and apply the usual implicit function theorem to the function D y f. From this we 
deduce the statement. □ 

Using the preceding lemma, we are able to deduce that the mapping N is differcntiablc: 

Lemma 6.3 Let N : M — > G n ,fc be the averaged normal corresponding to f 1 : M — > R", as 
constructed above. Assume that f 1 G C k (M 1 ,R n ) for a k > 1. Then N G C k (A/\ G„, fc ). 

Proof: 

Let g £ M 1 be a point. We show that N is C k in a neighborhood of g . Let W C M 1 be an open 
neighborhood of q with v(W) C B^_(v(q a )). With Lemma I6TT1 we have spt^ g C B*(i/(q )) for every 
(? G W; this will be implicitly used in the following argumentation. Let 

G: WxB f (u(q )) -> R, 

(9,P) / d(p,x) 2 dfj, q (x). 



Moreover, for fixed q £ W let h q : B^{v{q )) — > R, /i g := G(q, ■ ). By this definition, h q is smooth 
on Bn.(v(q )) and by Theorem 12.61 strictly convex. We denote by grad/i g the gradient of the fixed 



function h q , and define 



H:Wx B f (i/(g )) rB f (i/(g )), (g,p) h+ grad/^p). 
With (|2.5p and the definition of /i q , we calculate 



H(q,p) = -2( E Ajexp; 1 ^). 



(6.6) 



As A*- = g ( iLSlLfkiili J an( j by the definition of <j>, the mapping 5 h-» A? is in C k if / is in C k 



<5 2 

Moreover, as for every j 6 Z(g) the mapping p i-> exp~ 1 (iVj) is smooth, we conclude that H is in C k . 
Note that g is smooth with g(l) = 0, hence H is C k even if the sums in (|6.6[) depend on ■£(<?). 

As -ZV(g) £ B2L(v(q )) is the center of mass for /i q , we have H(q,N(q)) = for every 5 £ W, in 
particular H(q ,N(q )) = 0. 

Now we are in a position to apply Lemma 16.21 We conclude that there are open neighborhoods 
U C W of q , V C B f (v(q a )) of N(q ), and a function F G C k (C/,l/) with G J7 x V : = 

0} = {(x,F(x)) : x G U}. With Theorem 12.61 we deduce, that N coincides with F on U. Hence N is 
in C k on [7. □ 



Remark 6.4 In particular, the preceding lemma shows that the averaged normal N can be used for 
the projection in the case of immersions with L p -bounded second fundamental form, which was the 
case considered in J^y. For an (r, X)-immersion f G C k , the normal Vf is in C 1 , while the averaged 



25 



6. Compactness in higher codimension 



normal N is in C k . In particular, the averaged normal of a ^-immersion is differentiable and forms 
locally a tubular neighborhood around the immersion. Thus it is possible to construct diffeomorphisms 
<jf : M 1 — > M 1 using the averaged normal. However, if one likes to show convergence as in and 
in J4j(, we require N even to be in C 2 . For that purpose, an additional smoothing of f is unavoidable; 
this was also performed by Langer (see the first paragraph on p. 229 in \14\l , where a C 1 -perturbation 
is made in order to smooth the immersion). On the other hand, a pure smoothing argument would 
not suffice to prove Theorems \l.l\ and \1.3\ As in general the limit is not even differentiable, one has 
to project from f l ° (M l ° ) for a fixed and sufficiently large io . The averaged normal is needed then in 
order to estimate the size of the tubular neighborhood. 



As in the case of codimension 1, we may consider the restriction of N to Ug a j as a mapping defined 
on Bs 3 . As an analogue of Lemma 15721 we show the following statement: 



Lemma 6.5 If we consider G n .k as a metric space with the geodesic distance d, the mapping N : 
Bs 3 -> G n ,k is L-Lipschitz with L = 4i2m+6 r -i > 

Proof: 

Let x, y £ B$ 3 . Then there are unique p, q £ Ug 3 ■ with 7r o Aj 1 o f 1 (p) = x, no Aj 1 o f 1 (q) = y. With 
the argumentation at the beginning of the proof of Lemma [5721 one shows A^ = for j £ Z(q) \ Z(p) 
and A j = for j £ Z(p) \ Z(q). Again as in Lemma I7T21 we estimate 



|A?-AJ| < 36(1 + \fr- 1 \x-y\ 
< 72r~ 1 \x-y\, 



(6.7) 



where we used A < j. Now we note that J2kez( P )uz(q) ^fc — 1 ano - S 
\Z(p) U Z{q)\ < 2[3(1 + A)] 6m < 2 ■ 4 6m for A < \ by (pTTUj) . Using all this, we obtain 



kez(p)uz( q ) X l > L Moreover 



f E k) E 

\k£Z(p) / \k£Z{q) 



< E \ x l~ x l\ 

k£Z(p)UZ(q) 

< $ ■ A 6m + 2 r- l \x - y\. 



Using (|6.7[) and f|6 . 8f) . one easily concludes 



E aj- E x l 

,k£Z(p) ) \keZ(q) 



< 10 • 4 6m + 2 r ~ 1 



x-y\ 



(6.8) 



(6.9) 



Now assume k £ Z(p). Then Uj 3 j n U} o k ^ 0, hence U}^ C U} i k by Lemma 12751 b). This implies 
q £ U} i k . With a calculation as in Lemma 167X1 we deduce Nk £ B^(u(q)). We conclude that both 
spt Hp and spt/z g are a subset of B^(v(q)). This enables us to apply Lemma [2.71 with [i\ = \l v and 

= Vq- 



With Lemma [2. 71 the definitions of fi p and \i q , and (|6.9[) we estimate 
d(N(x),N(y)) < cf d{N{q),z)d\u. p -u. q \(z) 

JG„ ik 



= c Y, d ( N (v)> N : 

j£Z(p)UZ{q) 

< C ■ 10 • 4 6m+2 



M'l K 



E A; 

fee2(p) / 

E w-^ir-v-i/i 




< 4 



12m+6 r -l| a ._ y | j 
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A. Size of tubular neighborhoods 

where in the last line we used d(N(q),Nj) < f, \Z(p) U Z(q)\ < 2 • 4 6m and C 
1 + (K 1 /2 £) )-i tan ( 2K i/2 (? ) < 16 for K = 2 and g = § by ([23]). □ 

Now the rest of the proof is analogous to the case of codimension 1. First we note that with the 
preceding lemma one easily derives an estimate for the size of the tubular neighborhood around f 1 
formed by N. This is done by using elementary geometry in much the same way as in the appendix 
(where the case of codimension 1 is considered); as we assumed A to be small and hence N nearly to be 
perpendicular to f 1 , it is even easier here as we can estimate rather roughly (and do not need an ana- 
logue of Lemma [23] b) for that). Moreover, we can show the existence and uniqueness of intersection 
points of f 1 (p) + N(p) with an appropriate restriction of f l (M z ) by the fixed point argument of [J]. To 
show surjectivity of (f> z one uses the estimate for the size of the tubular neighborhood and shows that 
P(M l ) lies within this neighborhood. The rest of the proof is the same as in the case of codimension 1. 

The question arises, whether compactness in higher codimension, that is Theorem 11.31 can also be 
shown for an arbitrary Lipschitz constant A (as in the case of codimension 1). Surely, the bound 
A < \ is not optimal. One could try to find the largest possible bound for A, and — in the case that 
it is finite — to give a counterexample for immersions exceeding this bound. We would like to suggest 
two possibilities for extending the construction in this section to immersions with Lipschitz constant 
larger than the ones considered here: First, as proposed in the remark on p. 511 in [13] , one could 
use another definition for the center of mass, which allows one to define centers in larger balls. The 
second is to find a center of mass not in a convex ball, but in a larger convex subset of G„.fc. Such 
kind of subsets of Grassmannians have been detected by J. Jost and Y.L. Xin in [12]. 



A. Size of tubular neighborhoods 

In this appendix we like to prove Lemma l2.151 that is we estimate the size of a tubular neighborhood 
around a graph depending on different quantities such as angles and Lipschitz constants. We shall 
use the notations introduced in the paragraph preceding Lemma 12.151 For a general treatise on the 
existence of tubular neighborhoods see [5] and [10]. Moreover, in Lemma [A. II we will show a result 
needed for proving that the projection in Section 4 has at most one point of intersection with an 
appropriate subset of f l (M l ). 

Proof of Lemma l2.151 

a) We like to start with the following initial consideration: 

Let q € B e . Let f(x) = (x,u(x)) and r/(g) € G m +i. m be the tangent space at q as in (|2.1I) . In 
particular Tf(q) is an m-space in K m+1 perpendicular to v(q). Furthermore let K C 17(g) be a 
1-dimensional subspace of Tf{q). Let p £ B e and let a < ^ be the smaller angle enclosed by the 
lines ui(p) and K. From (|2.11[) we deduce 

a > I - 7 > 0. (A.l) 

Now let us come to the main part of the proof: 

Let x, y £ B e with x 7^ y. Without loss of generality we may assume x — y G M 1 x {0} 
C K m . By the mean value theorem there is a z 6 {(1 — t)x + ty: t e (0, 1)} C B e with 

u(x) - u(y) 

diu(z) = , 

xi - yi 

where £1,2/1 are the first coordinate of the vectors x,y respectively. Let {ei,...,e m } be the 
standard basis of R m . We set 

K := span {(ei, diu(z))} C Tf(z). 
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A. Size of tubular neighborhoods 



Let a < ^ be the smaller angle enclosed by the lines oj{y) and K . By (|A.1[) we have a > § — 7- In 
particular the smaller angle between oj(jj) and the line through (x, u(x)) and (y, u(y)) is greater 




Figure A.l Calculation of the distance between (x,u(x)) and tt ((x, u(x))). Note that, unlike 
the rest of the figure, the line (y, u(y))+uj(y) does not necessarily lie in the plane (R 1 x {0}) xR 1 C 
R m+1 . 



Let ^((x, u(x))) denote the orthogonal projection of (x, u(x)) onto F({y} x w(y)) = (y, u(y)) + 
Lo(y). Then 

\(x,u(x)) -7r J -((a;,'u(a;)))| > \(x,u(x)) - (y,u(y))\ain -7) 

> \x - y\ sin (| - 7) (A.2) 
= \x — y\ COS7. 

Now we distinguish two cases: 
Case 1: 

[(*, u(x)) + u(x)] n [(</, u{y)) + w(y)] = (A.3) 
In this case we do not need any further estimations. 

Case 2: 

[(x, u(x)) + u(x)] n [(y, u(y)) + wfc/)] ^ (A.4) 
We now have to consider the following two subcases 2.i and 2.ii: 
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A. Size of tubular neighborhoods 
2.i: The case \x — y\ < 4-. 



Let 9 = <(T(x),T(y)). By the assumption ()X4| we have 9 > 0. Using \T(x)\ = 
\T(y)\ — 1, we estimate 




Figure A. 2 Calculation of the distance between (x,u(x)) and £. Again, 
(y,u(y)) + uj{y) does not necessarily lie in (R 1 x {0}) x R 1 . 



Then, using (|X2j) and (|A~5|) , 

\{x,u{x))-Z\ 



2.ii: The case \x — y| > -jr. 



> 



sm a 

\x — y \ cos 7 



sin (2 arcsin — y\)) 
1 cos 7 



> —cos 7. 



Let £ be as in Case 2.L Then (|A.2[) directly implies 

u(x)) — C| > — COS7. 
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A. Size of tubular neighborhoods 

Let e = j- cos 7. Summarizing Case 1, Case 2.i and 2,ii, we conclude that F is injective on E e . 
Applying well-known results from elementary differential topology, we deduce that F\E 6 is a 
diffcomorphism onto an open neighborhood of {(x,w(x)) £ K m xl:i£ B g }. This proves part 
a) of Lemma 12.151 



b) Let d(F(E £ )) denote the boundary of F(E £ ) in K m+1 , where e = -^cos7 as in part a). Let 

x G Be.. We have to show 

2 

dist((x,u(x)),d{F(E £ ))) > a 

2 

with a = min{^cos7, 2 l(i+'a) as * n Lemma |2. 151 b). 

So let C G d(F(E 6 )) C R m+1 . Then there are two cases: 

Case 1: £ = (y,u(y)) +& for a y <G B B and a -d <E u(y) with \d\ = e. 
We distinguish two subcases l.i and l.ii: 
l.i: The case |x- y| < rn , c fl 7 — r. 

y 1 — L(l+A+cos7) 

As u is A-Lipschitz, we have 

\(x,u(x))-(y,u(y))\ < (l + X)\x-y\ 

(1 + A) cos 7 



i(l + A + cos7)' 
Then 

\(x,u(x)) - C| > |C - - - (y,u(y))\ 

1 (1 + A) cos 7 

> — cos 7 — 



L L(l + A + cos7) 



cos 2 7 



L(l + A + C0S7) 



l.ii; The case \x — y\ > jjj 



cos 7 



(I + A+COS7) • 

Again let tv l ((x,u(x))) be the orthogonal projection of (x,u(x)) onto (y,u(y)) +Lo(y). 
With (IA.2I) we estimate 

|(x,u(x)) - CI > (x,u(x)) - tt- l ((x,w(x)))| 

> x — ?/|cos7 (A. 6) 

cos 2 7 

> 



L(l + A + cos7)' 
Both in Case l.i and Case l.ii we have 



!(*>«(*)) "CI > (A.7) 
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Case 2: ( = (z, u(z)) + v for a z G <9£? e and u G with |i>| < e. 

As a; G Be we have \x — z\ > |. Considering the orthogonal projection onto (z,w(z))+w(z), 
we estimate as in (|A.6I) 

|(a:,«(a:))-C|>|cos7. (A.8) 



With (|A.7j) and (|A.8|) we have in any case 

1/ r \\ m ■ \Q COS 2 7 1 

|(x,«(x))-C| > mm|-cos 7 , 2X(1 + A) /- 
This proves part b) of Lemma 12.151 □ 

Lemma A.l Let f : M m — > R m+1 be an (r, X)- immersion, q G M and < g < r. Let lu G G rn +i.i 
with R m+1 = Tf{p) © u for all p G U e ^ q . Then for every x G R m+1 the set x + lu intersects f(Ug,q) in 
at most one point. 

Proof: 

After a rotation and a translation we may assume f(U g _ q ) = {(y,u(y)) : y G B g } with a C 1 -function 
u : B e —> R. Suppose the assertion of the lemma is false. Then there is an x G R m+1 such that 
x + lu intersects f(U 8tq ) in {y,u(y)) and in (z,u(z)) with y ^ z. We may assume j/ — z G R 1 x 
{0} C R m . With the same argument as in the paragraph after (|A.1[) we conclude that there is a 
£ G {(1 — t)y + tz : t G (0,1)} C B e with lu = span{(ei, d±u(£))}. Moreover there is a unique 
C S C/ e .g with r/(C) = span{(ei, 9iit(£)), . . . , (e m , 9 m w(£))}. Hence w C t/(C)- But this contradicts 
R m+1 = r/(p) © w for all p G f/ e , g . □ 
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